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Abstract

Fluidity is an ubiquitous property encountered frequently in many physical
systems and at various energy scales. In the non-relativistic limit, there is
a well understood formalism to understand fluid properties. In the present
project,the formalism to understand ideal fluids, which do not dissipate, is
discussed. The applications of these equations is illustrated for different
cases such as hydrostatics, the case of incompressible fluids etc. In order
to take dissipation into account Navier-Stokes equation is used, which is an
extension of the Euler equation. It is shown that the the kinetic energy
density of the fluid decreases with time as a result of the dissipative term in
Navier-Stokes equation. At higher energy scales the relativistic effects needs
to be taken into account. Equations for relativistic ideal fluid dynamics have
been discussed. It is shown that it reduces to the continuity equation and
Euler equation in the non-relativistic limit. But generalising Navier-Stokes
Equation leads to the problem of acausality. There are different approaches
to incorporate causality into the theory of relativistic hydrodynamics. The
results of Maxwell-Cattaneo approach and Muller-Israel-Stewart approach
are discussed, and it is shown how the equations obtained by these methods
respects causality.
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Chapter 1

Ideal Fluids

1.1 Introduction

Fluids are substances that flow. Hence it’s dynamics are concerned with
substances that can flow namely liquids and gases. A fluid is regarded as
a continuous medium. The mathematical treatment of fluids assumes that
even an infinitesimal element contains large enough number of constituent
particles which has same bulk properties as that of a considerable volume. A
fluid particle will be referred to as this volume element rather than a molecule
constituting the fluid.

Since fluid occupy certain spatial volume and is continuous, a coordi-
nate system is set up to keep track of the dynamics exhibited by the fluid.
Corresponding to each spatial coordinate we assign some physical quantity
to describe the state of the fluid. The state of the fluid is determined by
the velocity distribution function ~v = ~v(x, y, z, t) and any two of the ther-
modynamic quantities such as pressure p(x, y, z, t) and fluid mass density
ρ(x, y, z, t) at each coordinate (x, y, z, t). Hence there are five independent
degrees of freedom. The parameters that completely determine the state of
the fluid are vx, vy, vz, p and ρ. Solving a fluid dynamics problem boils down
to finding these parameters for different situations of interest. Once we know
the state of the fluid at a given space-time coordinate we need to find the
state at some other coordinate.

1.2 Continuity Equation

The continuity equation is a manifestation of conservation of matter. It
states that the rate at which mass flows out of a volume is same as the rate
of change of density of the volume. The amount of matter in a volme V
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is given by
∫
ρdV . Mass of fluid flowing out of the volume per unit time

through a surface element ~dS of the volume V is given∮
S

ρ~v ~dS

where S is the surface enclosing the volume V . The decrease in mass per
unit time in the volume is

− ∂

∂t

∫
ρdV

Conservation of mass leads us to equate the decrease in mass per unit time
in the volume to the total amount of fluid going out of the volume per unit
time. Hence,

− ∂

∂t

∫
ρdV =

∮
ρ~v ~dS

=⇒ −
∫
V

∂

∂t
ρdV =

∫
V

~∇(ρ~v) ~dV

=⇒
∫
V

(
∂ρ

∂t
+ ~∇(ρ~v)

)
dV = 0

For a non zero volume, the above integral can be satisfied only if the
integrand vanishes. Defining ~J = ρ~v we get

∂ρ

∂t
+ ~∇ ~J = 0 (1.1)

~J is also known as mass flux density. It’s magnitude represents the mass
of fluid flowing per unit time per unit area perpendicular to the velocity of
the fluid. It’s direction is the direction in which the fluid is flowing.

Eqn. 1.1 states that the mass is conserved at each point of the space.
Hence this is a local conservation equation. Local conservation of mass also
implies it’s global conservation. This can be seen by integrating the continu-
ity equation over a volume large enough such that it’s surface is at infinite
distance from the fluid system.∫

V

∂ρ

∂t
dV +

∫
V

~∇ ~JdV = 0∫
V

∂ρ

∂t
dV +

∮
~J ~dS = 0

The surface integral vanishes as no fluid is passing through it. This implies
that ∫

V

∂ρ

∂t
dV = 0
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∂

∂t

∫
V

ρdV = 0 (1.2)

This is the equation for global conservation of mass.

1.3 Euler Equation

Euler equation is a manifestation of Newton’s second law of motion. Hence
it describes the time evolution of fluid state parameters. Consider a surface
element ~dS. The force ~dF acting on it is ~dF = p ~dS. The force acting on a

volume V is the vector addition of the force
−→
dF acting on each element of

the surface bounding the volume. Hence

−→
F = −

∮
S

p
−→
dS = −

∫
V

−→
∇pdV (1.3)

Therefore the fluid surrounding any volume element dV exert a force −
−→
∇pdV

on the element. Hence force per unit volume will be −
−→
∇p. By Newton’s law−→

F = md~v/dt where m is the mass of the volume element. So the force per
unit volume is ρd~v/dt. So the equation of motion is

ρ
d~v

dt
= −
−→
∇p (1.4)

The velocity ~v(x, y, z, t) is a vector field that depends on spatial and
temporal coordinates. Hence any change in the coordinates will affects the
velocity field as

d~v

dt
=
∂~v

∂x

dx

dt
+
∂~v

∂y

dy

dt
+
∂~v

∂z

dx

dt
+
∂~v

∂t

=⇒ d~v

dt
=(~v ·

−→
∇)~v +

∂~v

∂t

Using this in eqn. 1.4 we get

(~v ·
−→
∇)~v +

∂~v

∂t
= −1

ρ

−→
∇p (1.5)

This is the Euler equation which describes the time evolution of state
of the fluid. Note that this equation is completely in terms of the fluid
parameters.
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If there is a gravitational field then the force per unit volume would be
ρg. The Euler equation then becomes

(~v ·
−→
∇)~v +

∂~v

∂t
= −1

ρ

−→
∇p+ ~g (1.6)

This equation useful for many real life situations as we experience a non zero
acceleration due to gravity. Thermodynamic and viscosity considerations are
not taken into account in deriving the above equations. Such fluids in which
thermal conductivity and viscosity are unimportant are called ideal fluids.

We say the motion of the fluid to be adiabatic if there is no heat exchange
between different parts of the fluid. In adiabatic motion, the entropy of any
fluid element remains constant in the course of it’s spatial motion. Since
the entropy of each fluid element is constant we require for the motion to be
adiabatic

ds

dt
= 0 (1.7)

where s is the entropy density(entropy per unit mass). This implies

(~v ·
−→
∇)s+

∂s

∂t
= 0 (1.8)

Multiplying eqn. 1.1 with s and eqn. 1.8 with ρ, and then adding, we obtain

(ρ~v)
−→
∇s+

∂s

∂t
+ s
−→
∇(ρ~v) + s

∂ρ

∂t
= 0

=⇒
−→
∇(ρs~v) +

∂

∂t
(ρs) = 0

Here ρs~v is the entropy flux density. Since the entropy per unit volume
is constant, the fluid retains the same entropy as it started out. That is the
entropy density at any diven time is same as that was there initially. Such
motion is called isentropic motion.

Using thermodynamic equations we can eleminate pressure P from the
equation of motion, and express it completely in trems of velocity and it’s
spatial and temporal derivatives. Here we take a digression to look into some
equations of thermodynamics. The heat function H, also known as enthalpy,
is given by

H = E + pV

=⇒ dH = dE + pdV + V dp

Using dE = TdS − pdV we obtain

dH =TdS − pdV + pdV + V dp

=TdS + V dp
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For isentropic process dS = 0 which implies dH = V dp. Defining dw =
dH/δm, Dividing above equation by δm we obtain

dH

δm
= T

dS

δm
+

V

δm
dp

=⇒ dw = Tds+
1

ρ
dp

For isentropic process it becomes dw = dp/ρ. In three dimensions we have

−→
∇w =

1

ρ

−→
∇p

Hence, the Euler equation 1.5 becomes

(~v
−→
∇)~v +

∂~v

∂t
= −
−→
∇w (1.9)

We have from vector analysis

1

2

−→
∇v2 = ~v × (

−→
∇ × ~v) + (~v ·

−→
∇)~v (1.10)

Substituting ~v) + (~v ·
−→
∇)~v in the Euler equation from above equation we

get
∂~v

∂t
+ ~v × (

−→
∇ × ~v) =

−→
∇
(
v2

2
− w

)
(1.11)

Taking curl of above equation

∂

∂t
(
−→
∇ × ~v) +

−→
∇ ×

(
~v × (

−→
∇ × ~v)

)
= 0 (1.12)

This is a form of Euler equation only in terms of velocity.
Numerous phenomena can be explained using Continuity equation and

Euler equation. Most of the fluid dynamics problems happen to be special
cases of these equations. In fact,a lot of phenomena can be explained by
equations which are special cases of these equations. In the following sections
we discuss applications of these equations in different cases.

1.4 Hydrostatics

It is a branch of Hydro dynamics that deals fuilds in mechanical equillibrium.
Although the word “Hydrodynamics” is of greek origin which means “water
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at rest” the study of Hydrodynamics encompasses all fluids in mechanical
equillibrium.

A fluid is said to be in mechanical equillibrium if each fluid element
experiences zero unbalanced force. Hence all the fluid elements move with a
constant velocity in inertial frames where net force is zero. We can choose
an inertial frame in which the velocity of fluid is zero. In this frame we have

~v(x, y, z, t) = 0

Putting ~v = 0 in the Euler equation we obtain In the above derivation ρ is
assumed to be constant. Such is the case of fluids for short distances. This
is effective in systems like ponds, pools of fluid like swimming pools, tank
containing liquids etc. which are encountered in many practical problems.
In general, ρ need not be constant. One of the important example is that of
gases.

1

ρ

−→
∇p = ~g (1.13)

Let us choose a coordinate system in which ~g = gẑ. Then we have

∂p

∂x
x̂+

∂p

∂y
ŷ +

∂p

∂z
ẑ = ρgẑ (1.14)

This implies that

∂p

∂x
= 0

∂p

∂y
= 0

∂p

∂z
= −ρg

The solution of above differential equations is

p = −ρgz + c (1.15)

where c is a constant. Suppose at height h (z = h) pressure is p0 then
p0 = −ρgh+ c. Pyutting the value of c from this equation we obtain

p = p0 + ρg(h− z) (1.16)

This is the case when the system is in mechanical equillibrium. Suppose it
is also in thermal equillibrium, then the temperature is same at every point.
We have thermodynamic equation

dφ = −sdT +
1

ρ
dp (1.17)
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where φ is the Gibbs free energy per unit volume. For constant temperature
we have dφ = dp/ρ, which in three dimensions is

−→
∇φ =

1

ρ

−→
∇p

For hydrostatic problems
−→
∇p = ρ · ~g Using this we have

−→
∇φ = −~g (1.18)

Since ~g = gẑ, we have

∂φ

∂x
= 0

∂φ

∂y
= 0

∂φ

∂z
= −g

The solution of these equations is φ = −gz+ c, where c is a constant. Hence
the condition of thermal equillibrium in an external field is

φ+ gz = c (1.19)

Now we have developed suffiecient tools to claim that a horizontal tem-
perature variation disturbs mechanical equillibrium. This can be seen in the
hydrostatic problem in a vertical gravitational field. We have

−→
∇p = −ρgẑ

=⇒ ∂ρ

∂z
= −ρg

=⇒ ρ = −1

g

dp

dg
= ρ(z)

As p and ρ depend on z only, the equation of state requires that T = T (z).
If there is temperature variation along x or y, then mechanical equillibrium
is not possible.

1.5 Bernoulli Equation

Several practical situations are encountered in which the velocity of a fluid at
a particular point remains constant. The velocity of water flowing smoothly
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in a pipe for a long time and the flow of blood in the blood vessels are some
of the important examples. The flow in which the velocity of fluid element
is constant in time is known as steady flow. In this case

∂~v

∂t
= 0

So the Euler equation becomes

~v × (
−→
∇ × ~v) = −

−→
∇
(
w +

1

2
v2

)
This implies

−→
∇
(

1

2
v2

)
+ ~v × (

−→
∇ × ~v) = −

−→
∇(w) (1.20)

We now define streamlines as one dimensional curves such that tangent to it
gives the direction of the velocity at that point. It is defined as a line which is
everywhere parallel to the local velocity vector ~v(x, y, z, t) = vxî+ vy ĵ + vzk̂,

î, ĵ and k̂ are unit vectors along x, y and z axes respectively. An infinitesimal
diplacement vector in the fluid is

−→
dS = dxî+ dyĵ + dzk̂

To get the equation of streamlines we use the definition and demand that
the displacement vector ~dS to be parallel to velocity at a point. Thus

−→
dS × ~v = 0

In terms of it’s x−component

(
−→
dS × ~v)x = 0

=⇒ vzdy − vydx = 0

=⇒ dy

vy
− dx

vx
= 0

(1.21)

Similar evaluation for other two components yields the equation of stream-
lines. The system of equations for streamlines is given by

dx

vx
=
dy

vy
=
dz

vz
(1.22)

For a steady flow, streamlines coincide with the fluid particles. An interesting
property of the streamline is that the energy per unit mass remains the same
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along a streamline. Let the unit vector l̂ be the tangent to the streamline.
The projection of eqn. 1.20 along l̂ is(

−→
∇
(
w +

v2

2

))
· l̂ = 0

=⇒ ∂

∂l

(
w +

v2

2

)
= 0

=⇒ w +
v2

2
= c

where c is a constant. The fact that l̂ is along the direction of velocity ~v,
renders the second term on the left hand side of eqn. 1.20 to vanish. If the
flow takes place in a gravitational field then we have another term

~g · l̂ = −gẑ ·~l = −g
−→
∇ · l̂ = −gdz

dl

So, now we have
v2

2
+ w + gz = c (1.23)

where c is a constant. This equation can be interpreted as a manifestation of
conservation of energy along a streamline. The first term v2/2 is the kinetic
energy per unit mass, the second term w represents the heat function per
unit mass and the last term gz is the gravitational potential energy per unit
mass. The above equation states that the sum of these forms energy remains
the same at each and every point of a streamline. This equation is useful
for determination of velocity of a steadily flowing fluid, like water in a pipe
etc. Moreover it is also useful for designing the wings of aeroplanes, so that
it gets more upthrust during take off.

1.6 Energy Flux

Flowing fluid transports energy from one one point to another. Therefore it
is useful to determine the amount of energy flowing per unit cross section
area per unit time. This quantity is known as the Energy Flux. We choose a
volume element fixed in space. Now we need to find the time dependence of
energy contained in this volume. Let ε be the internal energy per unit mass.
So, energy of unit volume of the fluid is

1

2
ρv2 + ρε
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We are interested in explicit rate of change of this quantity with respect to
time. Consider the first term, that is, the rate of change of kinetic energy
density

∂

∂t

(
1

2
ρv2

)
=

1

2
v2∂ρ

∂t
+ ρ~v · ∂~v

∂t

Now using the continuity equation and the Euler equation we have

∂

∂t

(
1

2
ρv2

)
= −v

2

2

−→
∇(ρ~v) + ~v

(
−
−→
∇p− ρ(~v ·

−→
∇)~v

)
(1.24)

From thermodynamics we have dw = Tds+ 1
ρ
dp. So,

−→
∇w = T

−→
∇s+

1

ρ

−→
∇p

After a trivial manipulation we obtain

ρ~v ·
−→
∇w − ρT~v ·

−→
∇s = ~v ·

−→
∇p

Using this in eqn. 1.24 we get

∂

∂t

(
1

2
ρv2

)
= −v

2

2

−→
∇(ρ~v)− ρ~v ·

−→
∇
(

1

2
v2 + w

)
+
(
ρT~v ·

−→
∇s
)

Now consider the rate of change of internal energy density with respect
to time

∂

∂t
(ρε)

Note that
dε = Tds− pdV =⇒ Tds+

p

ρ2
dρ

Here we have used the fact that V is the specific volume, that is, volume
per unit mass. Hence 1/V = ρ. The heat function per unit mass is then
w = ε+ p/ρ. Now

d(ρε) = εdρ+ ρdε

=

(
w − p

ρ

)
dρ+ ρ

(
Tds+

p

ρ2
dρ

)
= wdρ+ ρTds

Therefore the rate of change of internal energy density becomes

∂

∂t
(ρε) =w

∂ρ

∂t
+ ρT

∂s

∂t

=− w
−→
∇(ρ~v)− ρT~v ·

−→
∇s

(1.25)
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Using eqn. 1.24 and 1.25, the time derivative of energy density is

∂

∂t

(
1

2
ρv2 + ρε

)
= −
−→
∇
(
ρ~v

(
w +

v2

2

))
(1.26)

Integrating this equation over a volume large enough such that it’s surface
has no fluid (ρ = 0)

∂

∂t

∫
V

dV

(
1

2
ρv2 + ρε

)
= −

∫
V

−→
∇
(
ρ~v

(
w +

v2

2

))
(1.27)

Using Gauss law

∂

∂t

∫
V

(
1

2
ρv2 + ρε

)
= −

∮
S

(
ρ~v

(
w +

v2

2

))
n̂dS (1.28)

Here S is the surface enclosing the volume V . The integrand on the RHS is
the energy per unit area per unit time flowing out of the volume V . Hence,
it is also known as energy flux density vector.

To understand the physical significance of energy flux density we use the
relation w = ε+ p/ρ. Now the right hand side can be written as

−
∮
S

−→
∇
(
ρ~v

(
ε+

v2

2
+ p/ρ

))
n̂dS

The first two terms represent the internal energy and kinetic energy flowing
out of the volume. And the term with a factor p/ρ in the integrand is the
work done by the forces which is manifested as pressure on the system.

1.7 Momentum Flux

Flowing fluids also carry momentum with them. To determine the flow of
momentum we choose a particular volume in the fluid and see the time rate
of change of momentum in it. Here, and in further sections, we shall work
with the components of vectors. The ith component of momentum density
at a point (x, y, z) is ρ(x, y, z)vi(x, y, z). For repeated indices, we shall use
Einstein’s summation convention. Also for the derivatives we shall use the
convention

∂

∂t
→ ∂t

and
∂

∂xk
→ ∂k
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The time derivative of momentum density is

∂

∂t
(ρvi) = ρ

∂vi
∂t

+
∂ρ

∂t
vi (1.29)

Using equation of continuity

∂vi
∂t

= −vk
∂vi
∂xk
− 1

ρ

∂p

∂xi

Therefore,

∂

∂t
(ρvi) = −ρvk

∂vi
∂xk
− ∂p

∂xk
− vi

∂

∂xk
(ρvk)

=
∂p

∂xi
− ∂

∂xk
(ρvivk)

= δik
∂p

∂xk
− ∂

∂xk
(ρvivk)

=
∂

∂xk
(δikp+ ρvivk)

Let’s define
Πik = δikp+ ρvivk (1.30)

Note that Πik is a symmetric tensor, that is, Πik = Πki. The rate of change
of energy density becomes

∂t(ρvi) = −∂kΠik (1.31)

Integrating the equation over a volume

∂

∂t

∫
(ρvi)dV = −

∫
∂kΠikdV = −

∮
Πikn̂kdS (1.32)

Gauss law has been used in the last step. Here n̂k is the kth component of
unit normal of the surface S. The left hand side of the equation is the rate
of change of the ith component of the momentum contained in the volume.
The surface integral on the right is the amount of momentum flowing out
through the surface bounding the volume V per unit time. The integrand of
the surface integral Πikn̂k is the flux of ith component of momentum through
unit surface area. Hence Πik is the ith component of the amount of momentum
flowing per unit time through a unit area perpendicular to xk-axis. So Πik is
also called Momentum flux density tensor. Note that a physical quantity of
rank r has it’s flux density of rank r + 1.
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Let us observe the component of Πik, parallel and perpendicular to the
direction of velocity ~v. We have

Πikn̂k = δikn̂k + ρvivkn̂k (1.33)

If n̂k is along the direction of velocity then ρvkvin̂k is ρv2n̂i. And Πikn̂k =
(p+ ρv2)ni. This is the longitudinal component of momentum. Onthe other
hand if n̂k is perpendicular to the direction of velocity the vkn̂k = 0, which
gives Πikn̂k = pn̂i. This is the transverse component of momentum.

1.8 Conservation of Circulation and Poten-

tial Flow

Consider a closed contour C in the fluid. The integral

Γ =

∮
C

~v · ~dl

is called the velocity circulation round that contour. Consider a closed drawn
in the fluid at some instant. It is composed of fluid particles lying on it. The
time derivative of the circulation is

dΓ

dt
=

d

dt

∮
~v · ~dl (1.34)

Here we have taken total time derivative because we want change in circula-
tion round a ”fluid contour“ as it moves about. For a fluid contour fixed in
space we would have calculated partial derivative with respect to time. In
the following part of the section we use the notation δ for space derivative
and d for time derivative. So the time derivative of circulation is

dΓ

dt
=
d

dt

∮
~v · δ~r

=

∮
d~v

dt
δ~r +

∮
~v
d

dt
(δ~r)

Since ~v = d~r/dt, we have

~v
d

dt
(δ~r) = ~vδ

d~r

dt
= δ(v2/2)

This gives an exact differential and hence it’s integral vanishes. It is easy to
see from Euler equation that

d~v

dt
= −
−→
∇w
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Using this we obtain∮
d~v

dt
δ~r =

∫
S

(
−→
∇ × d~v

dt
)δ(n̂dS)

=

∫
S

(
−→
∇ × (−

−→
∇w))δ(n̂dS)

= 0

=⇒ Γ =

∮
~v · ~dl = c

where c is a constant. Using Stokes law we conclude that∮
~v · ~dl = δ~S ·

−→
∇ × v = c

The last step follows from the fact that the curl of a gradient vanishes. Thus
the circulation Γ is a constant. Hence we proved that in an ideal fluid the
velocity circulation round a closed fluid contour is constant in time. This is
also known as Kevin’s theorem or law of conservation of circulation.

Conservation of circulation leads to important consequences. Lets us
first consider that the flow is steady. Consider a streamline which has a

point satisfying
−→
∇ × ~v = 0. So the line integral of fluid velocity over an

infinitesimal small circular loop around this point vanishes. This loop will
always encircle the streamline. Since we have Γ to be 0, which is a constant

for this loop, we can always assure that
−→
∇ × ~v = 0 for all points of the

streamline. This empowers us to argue as follows. Consider steady flow past
some body. If the incident flow is uniform, so that it has a vanishing curl
of velocity, we shall always have curl of velocity equal to zero. SUch a flow
for which curl of velocity vanishes everywhere is known as potential flow or
irrotational flow. The name “Irrotational” is self evident because of vanishing
curl. It is also called potential flow because the velocity, having a vanishing
curl, can be expressed as a gradient of a scalar potential.

Now let us suppose that the at some instant we have potential flow
throughout the volume of the fluid. The velocity circulation Γ for any ar-
bitrary closed loop will vanish. According to Kevin’s theorem we have that
this will be constant in time. Hence the curl of velocity will be zero at any
future time also.

As discussed earlier, for potential flows we can define a scalar function φ
called the velocity potential.

~v =
−→
∇φ (1.35)
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Consider the Euler equation in the following form

∂~v

∂t
+

1

2

−→
∇v2 − ~v × (

−→
∇ × ~v) = −

−→
∇w (1.36)

Using eqn. 1.35 in above equation we obtain

−→
∇
(
∂φ

∂t
+
v2

2
+ w

)
= 0

=⇒ ∂φ

∂t
+
v2

2
+ w = f(t)

(1.37)

where f(t) is an arbitraty function of time. We can impose f(t) = 0 as φ is

not unique (~v =
−→
∇(φ+ f(t)) =

−→
∇φ). For a steady flow we have

∂φ

∂t
= 0

and
f(t) = constant

So we have
v2

2
+ w = constant (1.38)

Note that it is of the same form as Bernoulli equation. But it is a more
powerful condition as in this case the constant is for the entire fluid. Unlike
Bermoulli equation in which constant is for a given streamline, the constant
in above equation is the same for all stramlines of the fluid.

1.9 Incompressible Fluids

If ρ is constant we say that the fluid is incompressible. By compressibility
we mean the change in volume of a given mass by some process. Negative
compressibility is defined as decrease in volume of a given mass. On the
other hand we define positive compressibility as increase in volume of a given
mass. Change in volume of a given mass changes the density. So by fixing
the density ρ we get the condition for incompressibility. In this case the Euler
equation can be written as

∂~v

∂t
+ (~v
−→
∇)~v = −

−→
∇
(
p

ρ

)
+ ~g

The equation of continuity, in case of steady flow reduces to the fact that the
velocity field becomes divergenceless, that is

−→
∇ · ~v = 0

15



Enthalpy per unit mass becomes w = p/ρ and hence we have

v2

2
+
p

ρ
+ gz = constant

The energy flux in this case becomes

ρ~v

(
v2

2
+
p

ρ
= 0

)
For incompressible fluids exhibiting isentropic flow there will be no change

in internal energy per unit mass. This is evident from the definition that

dε = Tds− pd
(

1

ρ

)
The condition for potential flow ~v =

−→
∇φ and incompressibility

−→
∇~v leads to

Laplace equation
∇2φ = 0 (1.39)

If appropriate boundary conditions are supplied then the velocity field can
be uniquely determined. The two boundary condition is a constraint on the
normal component of fluid velocity relative to the boundary surface. For fixed
surfaces, fluid velocity component vn normal to the surface must vanish. For
moving surface it is equal to normal component of moving body.
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Chapter 2

Non-Relativistic Viscous Fluid

Ideal fluids do not dissipate energy along the course of it’s flow. To describe
real fluids it is necessary to take into consideration the effects of energy losses
through dissipation. By work energy theorem we know that the total change
in kinetic energy of a mechanical system is the total amount of work done
by all the forces on it. In our analysis we shall consider mechanical energy
dissipation, which, we expect to be manifested as decrease in kinetic energy
density of the fluid. In this chapter, we introduce a term that would be
responsible for decrease in kinetic energy of the system with time. Also we
shall give physical interpretations to the terms introduced for dissipation.

2.1 Viscous Stress Tensor

The Euler equation without any dissipation is

∂t(ρvi) = ∂kΠik

As discussed in previous chapter, this Πik is a component of Momentum flux
density tensor (ith component of momentum flowing through the surface wirh
a normal along xk axis). We have

Πik = δikp+ ρvivk

Now we introduce another term denoted by σ′ik such that the momentum
flux density tensor becomes

Πik = pδik + ρvivk − σ′ik (2.1)

The term σ′ik has a factor of −1 which indicates lowering of momentum flux
density as compared to the flux density tensor for ideal fluid. Now let us
define

σik = σ′ik − pδik (2.2)
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The term σik gives the part of momentum flux that is not due to direct
transfer of momentum with the mass of moving fluid. The quantity σik is
known as viscous stress tensor. Thus the momentum flux density tensor
becomes

Πik = ρvivk − σik (2.3)

We shall now try to make an educated guess of the form of σ′ik. Internal
friction processes occur only if the fluid particles move with a relative velocity
with respect to each other. This implies that there is a relative velocity be-
tween different layers of fluid and hence σ′ik depends on ∂kvi for small velocity
gradients. Linear dependence with velocity gradient can be assumed till first
approximation. For better approximations we need to consider dependences
on higher powers of ∂kvi. But we shall assume linear dependence henceforth
in the discussion. We require that for constant velocity there should be no
dissipation and hence σ′ik must vanish. This is satisfied only if all the terms
in σ′ik all the terms in σ′ik are velocity gradients. Also in order to satisfy
rotational equillibrium, we need σ′ik to vanish for uniform rotation.This leads
to the fact that if there is a gradient of ith component of velocity along n̂k
direction, then we must have a gradient of kth component of velocity along
n̂k. This is the condition of symmetry and requires σ′ik to have a dependence
on ∂ivk + ∂kvi upto some constant (say η).

In order to prove this let us consider a constant angular velocity
−→
Ω . The

velocity ~v is given by

~v =
−→
Ω × ~r (2.4)

In this case we have

∂kvi + ∂ivk = ∂k(
−→
Ω × ~r)i + ∂i(

−→
Ω × ~r)k

= ∂kεilmΩlrm + ∂iεklmΩlrm

= εilmΩlδkm + εklmΩlδim

= εilkΩl + εkliΩl

= (εilk + εkli)Ωl

= (εilk − εilk)Ωl

= 0

Again we need the viscous stress to have a traceless term for shear viscosity
and a term with non-vanishing trace for bulk viscosity. The most general
form of σ′ik, satisfying above requirements is

σ′ik = η

(
∂kvi + ∂ivk −

2

3
δik∂lvl

)
+ ξδik∂lvl (2.5)

18



To verify tracelessness of the first term we simply contract an index in the
above expression

η

(
2∂kvk −

2

3
δkk∂lvl

)
= 0

In the last step we have used the trace of an identity matrix to be δkk = 3.
In the expression of σ′ik, η and ξ are positive and are independent of velocity.

Equation of viscous fluid now can be derived by adding ∂kσ
′
ik to the Euler

Equation of Motion. Viscous effects when added we obtain

ρ (∂tvi + vk∂kvi) = −∂ip− ∂kσ′ik (2.6)

The equation of motion in terms of fluid state variables is

ρ (∂tvi + vk∂kvi) = −∂ip+ ∂k

(
η(∂kvi + ∂ivk −

2

3
δik∂lvl) + ξ∂i(∂lvl)

)
(2.7)

The above equation written in terms of vector instead of components of
vectors we obtain

ρ

(
∂~v

∂t
+ (~v ·

−→
∇)~v

)
= −
−→
∇p+ η∇2~v +

(η
3

+ ξ
)−→
∇(
−→
∇ · ~v) (2.8)

This is the general form of Navier-Stokes Equation. This equation can be
modified for various situations such as incompressibility, potential flow, etc.

For an incompressible fluid (
−→
∇ = 0), the Navier Stokes equations becomes

∂~v

∂t
+ (~v ·

−→
∇)~v = −1

ρ
+
η

ρ
∇2~v (2.9)

The stress tensor for incompressible fluid is

σik =σ′ik − pδik
=η (∂kvi + ∂ivk)− pδik

(2.10)

The viscosity of an incompressible fluid is determined by only one com-
ponent η, that is, the shear component of viscosity.

2.2 Equation of Motion for Viscous Fluid

Force acting on a surface element is equal to the momentum flux through
the surface element. Consider a surface element ~da. The ith component
infinitesimal force on this surface is

dFi = Πiknkda (2.11)

19



Now we shall use Πik = ρvivk − σik and the fact boundary condition that
the velocity of fluid at boundary vanishes. Therefore

dFi = −σikda
= (−σ′ik + pδik) da

We have two terms in the expression of force element

dFi = pnida− σ′iknkda (2.12)

The first term is the ordinary pressure on the area element da. And the
second term is the force of friction. The negative sign ensures that it opposes
the motion.

We require to to match the boundary conditions to get the continuity
of velocity field of the fluid. When the boundary is a fixed solid surface we
require the velocity (both normal and tangential components) to be zero.

For two immiscible fluids we require

σ1,ikn1,k + σ2,ikn2,k = 0 (2.13)

For a given interface we have n̂1,k = −n̂2,k = n̂, then we have

σ1,ikni = σ2,ikni

The equation of motion is given by the Euler equation of motion with a
term of space derivative of viscous stress tensor added it. For viscous fluids
the equation of motion is given by

ρ (∂tvi + vk∂kvi) = −∂ip+ ∂kσik (2.14)

where

σik = η

(
∂kvi + ∂ivk −

2

3
δik∂lvl

)
+ ξδik∂lvl

2.3 Energy Dissipation in incompressible fluid

In this section we intend to prove that the kinetic energy density of the fluid
decreases with time. For simplicity, we consider only the incompressible fluid

(
−→
∇~v = 0). The kinetic energy of an incompressible fluid is

Ekin =
1

2
ρ

∫
v2dV (2.15)
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From eqn. 2.14 we obtain

∂vi
∂t

= −vk∂kvi −
1

ρ
∂ip+

1

ρ
∂kσ

′
ik (2.16)

In this equation we use

∂

∂t

(
1

2
ρv2

)
= ~vρ

∂~v

∂t
= viρ

∂vi
∂t

and then multiplying with ρ we obtain,

ρvi∂tvi = −ρvivk∂kvi − vi∂ip+ vi∂kσ
′
ik = 0 (2.17)

This equation when written in terms of vectors

∂

∂t

(
1

2
ρv2

)
= −
−→
∇
[
ρ~v

(
p+

ρv2

2

)
− ~v~σ′

]
− σ′ik∂kvi (2.18)

Note that the first term inside the divergence is the energy flux density of
the the ideal fluid. The term ~v~σ′ is the flux density due to internal friction.

Integrating eqn. 2.18 over a large volume V , we obtain∫
∂

∂t

(
1

2
ρv2

)
dV = −

∫ −→
∇
[
ρ~v

(
1

2
ρv2 +

p

ρ

)
− ~v · ~σ′

]
dV −

∫
σ′ik

∂ci
∂xk

dV

(2.19)

The first term can be converted to a surface integral by Gauss Law. This
integral vanishes for localised fluid. So we are left with∫

∂

∂t

(
1

2
ρv2

)
dV = −1

2

∫
σ′ik

∂vi
∂xk

dV (2.20)

The right hand side of above equation is the rate of decrease of kinetic energy
owing to dissipation. Using symmetry of σ′ik we can write∫

∂

∂t

(
1

2
ρv2

)
dV = −1

2

∫
σ′ik

(
∂vi
∂xk

+
∂vk
∂xi

)
dV (2.21)

Using the expression σ′ik = η(∂kvi + ∂ivk) for incompressible fluids we obtain

dEkin
dt

= −1

2
η

∫ (
∂vi
∂xk

+
∂vk
∂xi

)2

dV (2.22)

Since dEkin/dt is negative of a positive definite quantity, the kinetic energy
always decreases with time. Hence mechanical dissipation has been accounted
by the introduction of the stress tensor term.
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Chapter 3

Relativistic Hydrodynamics.

The Euler equation is basically a manifestation of Newton’s second law which
is not relativistic, that is, not invariant under lorentz transformation. There-
fore it works well for small velocities as compared to the speed of light. In
the limit v → c we need to consider relativistic equations.

For a non-relativistic system the degrees of freedom were the fluid density,
pressure, and the three components of velocity ρ, p, vx, vy, vz. But ρ does not
account for kinetic energy contributions of terms higher order in v/c, which
becomes significant as v/c tends to unity. Since mass is equivalent to energy,
let’s replace the mass density ρ by the energy density ε. Similarly, we replace
the velocity ~v(~x, t) by the four velocity

uµ =
dxµ

dt

where τ is the proper time. Here the convention used for gµν is (+,−,−,−).

dτ 2 = gµνdx
µdxν = dt2 − ~dx · ~dx (3.1)

Here we use the natural units where c = 1. An interval of time is not an
absolute quantity, but a relative one. If the time interval is dτ in a frest
frame then the interval in a frame moving with velocity v with respect to the
rest frame is given by

dt = γdτ (3.2)

where

γ =
1√

1− v2

The four velocity is given by

uµ =
dxµ

dτ
=
dxµ

dt

dt

dτ
= γ(1, ~v) (3.3)
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To obtain relativistic fluid dynamic equations, we need to derive the energy
momentum tensor T µν for a relativistic fluid.

3.1 Energy Momentum Tensor

The energy momentum tensor T µν0 has to be built out of hydrodynamic de-
grees of freedom, viz. lorentz scalars ε, p, and and uµ and gµν . The subscript
of T µν0 denotes that it is the energy-momentum tensor for ideal fluid. Also
the energy momentum tensor has to be symmetric. The most general form
of Energy Momentum Tensor satisfying these conditions is

T µν0 = ε(c0g
µν + c1u

µuν) + p(c2g
µν + c3u

µuν) (3.4)

In the local rest frame we require T µν0 to have following properties

1. T 00
0 represents energy density ε of the fluid.

2. Momentum density should vanish, i.e. T 0i
0 = 0.

3. Space-like components should be proportional to pressure T ij0 = pδij

Applying condition (1), (2) and (3) we get

ε = (c0 + c1)ε+ (c2 + c3)p

and
p = −c0ε− c2p

Solving these equations gives c0 = 0, c1 = c3 = 1 and c2 = −1. Using these
values of ci (i = 0, 1, 2, 3), we obtain

T µν0 = εuµuν − p(gµν − uµuν) (3.5)

Let us introduce the tensor ∆µν defined by

∆µν = gµν − uµuν (3.6)

The tensor ∆µν has following properties.

1. ∆µνuµ = (gµν − uµuν)uµ = uν − uν = 0

2. ∆µν∆α
ν = ∆µα

This serves as a projection operator on the space orthogonal to the fluid
velocity uµ. The energy momentum tensor of an ideal relativistic fluid, in
this notation becomes

T µν0 = εuµuν − p∆µν (3.7)

23



3.2 Relativistic Ideal Fluids

We shall show in this section that the fluid dynamics equations are a man-
ifestation of conservation equations for fluid’s energy momentum tensor. If
there are no external sources the energy momentum tensor is conserved. So
we have

∂µT
µν
0 = 0 (3.8)

Projecting eqn. 3.8 parallel to the fluid velocity we obtain

uν∂µT
µν
0 = uν∂µ(εuµuν − p∆µν)

Using the fact that uµuµ = 1 and hence uµ∂νu
ν = 0, and simple algebraic

manipulation leads to

uν∂µT
µν
0 = uµ∂µε+ ε(∂µu

µ) + εuνu
µ∂µu

ν − puµ∂ν∆µν (3.9)

This implies
uν∂µT

µν
0 = (ε+ p)∂µu

µ + uµ∂µε (3.10)

The other projection gives

∆α
ν∂µT

µν
0 = εuµ∆α

ν∂µu
ν −∆µα(∂µp) + puµ∆α

ν∂µu
ν (3.11)

Arranging the terms in above equation leads to

∆α
ν∂µT

µν
0 = (ε+ p)uµ∂µu

α −∆µα∂µp (3.12)

Introducing short hand notations

D = uµ∂µ (3.13)

and
∇α = ∆µα∂µ (3.14)

Using above notations in the equation of perpendicular (eqn. 3.12) and
parallel (eqn. 3.10) projection, eqn. 3.8 is decomposed to following two
equations

Dε+ (ε+ p)∂µu
µ = 0 (3.15)

and
(ε+ p)Duα −∇αp = 0 (3.16)

Equations 3.15 and 3.16 are the fundamental equations of relativistic ideal
fluid. It is evident that the equations are relativistic invariant. In order to
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verify these equations we take the non-relativistic limit i.e. v << 1 (in the
natural units). In the non-relativistic limit we have

uµ = γ(1, ~v) ≈ (1,~0) (3.17)

In this limit we have

D = uµ∂µ

≈ ∂t + ~v · ~∂ +O(v2)

So eqn. 3.15 becomes

Dε+ (ε+ p)∂µu
µ = 0

=⇒ ∂tε+ ~v · ~∂ε+ ε~∂ · ~v = 0

Now using the fact that in the non-relativistic limit the energy density
equals the mass density and the momentum is very small, we have

∂tε+ ~∂ · (~vε) = 0

=⇒ ∂tρ+ ~∂ · (~vρ) = 0

Hence we obtained the continuity equation as a non-relativistic limiting case
of relativistic equation.

Again, in the limit v << 1, we have

∇α = ∆µα∂µ

= (gµν − uµuν)∂µ
= ∂α +O(|~v|)

This implies
∇i = ∂i (3.18)

Therefore eqn. 3.16 becomes

(ε+ p)(∂t + vkvk)u
α − ∂αp = 0

(ε+ p)(∂t + vk∂k)v
i = −∂ip

ρ(∂t + vk∂k)v
i = −∂ip

where we have used the fact that (ε + p) ≈ ρ. This is because at non-
relativistic limits p << 1 and ε ≈ ρ On simple rearrangement it becomes

(∂t + vk∂k)v
i = −1

ρ
∂ip (3.19)

This is the Euler equation of motion. Hence we derived the Euler equation
as the non-relativistic limit of relativistic equations for Ideal Fluid. We thus
recognise that the fluid dynamic equations to be identical to the conservation
equations for the fluid’s energy momentum tensor.
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3.3 Relativistic Viscous Hydrodynamics

All the dissipative terms were neglected in the case of ideal fluid. We have
to go beyond the ideal fluid limit and include viscosity effects. The energy
momentum tensor will now have an additional term to account for the dissi-
pation effects. So, we write the energy momentum tensor as

T µν = T µν0 + Πµν (3.20)

where T µν0 is the energy-momentum tensor for ideal fluid and Πµν includes
the effects of dissipation. For a system without conserved charges, the mo-
mentum is due to the flow of energy density. That is

uµT
µν = εuν (3.21)

This implies

uµT
µν = εuν

=⇒ uµ(εuµuν − p∆µν + Πµν) = εuν

=⇒ εuν + uµΠµν = εuν

This implies
uµΠµν = 0 (3.22)

We shall again use the conservation of energy-momentum tensor

∂µT
µν = 0 (3.23)

Projecting above equation parallel to the direction of fluid velocity we obtain

uν∂µT
µν = uν∂µ(T µν0 + Πµν)

= Dε+ (ε+ p)∂µu
µ + uν∂µΠµν

and taking an orthogonal projection we obtain

∆α
ν∂µT

µν = (ε+ p)Duα −∇αp+ ∆α
ν∂µΠµν

Therefore the conservation of energy momentum tensor implies

Dε+ (ε+ p)∂µu
µ + uν∂µΠµν =0

(ε+ p)Duα −∇αp+ ∆α
ν∂µΠµν =0 (3.24)

In order to simplify the first equation further we shall make use of the
identity

∂µ = uµD +∇µ (3.25)
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This identity can be easily proved if we evaluate it’s RHS using the definitions
of D and ∇µ

uµD +∇µ = uµ(uν∂ν) + gµα∇α

= uµ(uν∂ν) + gµα(∆να∂ν)

= uµ(uν∂ν) + gµα(gνα − uνuα)∂ν

= gµαg
να∂ν

= δνµ∂ν

= ∂µ

Here we introduce the notation for symmetrization

A(µBν) =
1

2
(AµBν +BνAµ) (3.26)

Using uνΠ
µν = 0, we have

uν∂µΠµν = ∂µ(uνΠ
µν)− Πµν∂(µuν) = −Πµν∂(µuν) (3.27)

Using these equations we can rewrite eqn. 3.24 as

Dε+ (ε+ p)∂µu
µ − Πµν∂(µuν) =0

(ε+ p)Duα −∇αp+ ∆α
ν∂µΠµν =0

(3.28)

The equations in above form are symmetric with respect to indices.
Till now we have not yet specified the form of Πµν . In fact, different forms

of Πµν will give different theories of relativistic hydrodynamics. Our approach
to specify the form of Πµν is to compare with the results of thermodynamics.
According to the second law of thermodynamics we require the entropy to be
increasing. The relation between entropy density, pressure and temperature
is given by

ε+ p = Ts

Tds = dε
(3.29)

The second law of thermodynamics in the covariant form is given by

∂µs
µ ≥ 0 (3.30)
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where sµ = suµ. Using this we have

∂µ(suµ) = uµ∂µs+ s∂µu
µ

= Ds+ s∂µu
µ

= D

(
ε+ p

T

)
+

(
ε+ p

T

)
∂µu

µ

=
1

T
(Dε+ (ε+ p)∂µu

µ)

=
1

T
Πµν∇(µuν)

(3.31)

Therefore the condition of increasing entropy becomes

1

T
Πµν∇(µuν) ≥ 0 (3.32)

We now split Πµν into a traceless term and another with a non-vanishing
trace as follows.

Πµν = πµν + ∆µνΠ (3.33)

We introduce the notation for the traceless part of ∇(µuν) as follows

∇<µuν> ≡ 2∇(µuν) −
2

3
∆µν∇αu

α (3.34)

We get the expression for ∇(µuν) from above equation and putting it in the
expression of sµ we obtain

∂µs
µ =

1

2T
πµν∇<µuν> +

1

T
Π∇αu

α ≥ 0 (3.35)

We want this inequality to be fulfilled always. This can be ensured by making
the terms on the left to be positive definite. So if we choose πµν and Π such
that

πµν = η∇<µuν>

Π = ξ∇αu
α (3.36)

where ξ, η are positive constants. With these the viscous stress tensor be-
comes

Πµν = η∇<µuν> + ξ∆µν∇αu
α (3.37)

In the non relativistic limit the viscous stress tensor becomes that of Navier-
Stokes equation and η, ξ are nothing but the shear and bulk viscosity co-
efficent. Equation 3.28 with this form of Πµν are called relativistic Navier
Stokes Equation.
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3.4 Acausality Problem of the relativistic Navier-

Stokes equation.

Relativistic Navier-Stokes equation exhibits an unanticipated flaw which
makes it unphysical. As a consequence of this equation we can have a frame
of reference in which the effect can precede it’s cause, which is not allowed
for any physical situation. To see this we first consider the fluid to be in
equillibrium. Then we perturb the system around this equillibrium and see
the possible solutions for velocity of the fluid using Navier-Stokes equation.
If it exceeds the speed of light in vacuum then the equation is acausal. On
the other hand if the velocity of the fluid is bounded by some maximum value
dependent on some parameters, then we say that the equation is causal.

Let us consider small perturbation of the energy density and fluid velocity
in a system which was initially in equillibrium and at rest,

ε = ε0 + δε(t, x)

uµ = (1,~0) + δuµ(t, x)
(3.38)

Here we have considered only x-dependence of all the components of velocity
perturbation and energy density perturbation for simplicity of the calcula-
tions. The evolution of spae time perturbation is given by the Navier-Stokes
equation. We choose a particular direction α = y, for which eqn. 3.28
becomes

(ε+ p)Duy −∇yp+ ∆y
ν∂µΠµν = (ε0 + p0)∂tδu

y + ∂xΠ
xy = O(δ2) (3.39)

where

Πxy = η(∇xuy +∇yux) +

(
ξ − 2

3
η

)
∆xy∇αu

α = −η0∂xδu
y +O(δ2) (3.40)

Now using the expression of Πxy and neglecting terms of order O(δ2) we have

∂tδu
y − η0

ε0 + p0

∂2
xδu

y = 0 (3.41)

For the solution of above differential equation we use the ansatz

δuy(t, x) = fω,ke
ωt+ikx

This solution is a plane wave with an exponential damping in time. It can
be physically thought of as a plane wave with wave number k and ampli-
tude decreases exponentially fast. Different wave number k corresponds to
different modes of solution For this solution we have

∂tδu
y = ωfω,ke

ωt+ikx
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and
∂2
xδu

y = −k2fω,ke
ωt+ikx

Putting these in the differential equation we have

ω =
η0

ε0 + p0

k2 (3.42)

We can use this relation to find the group velocity vg, given by

vg(k) =
dω

dk
= 2

η0

ε0 + p0

k (3.43)

Note that the group velocity is directly proportional to k. This implies that
as k becomes larger then vg also increases. For sufficiently large values of k,
the velocity vg can be greater than the speed of light. Anything travelling
faster than the speed of light in one lorentz frame implies that there exist an
inertial frame in which it is moving backward in time. Hence, the relativistic
Navier-Stokes equation does is not a causal theory.

The problem in acausal theory is that it does not allow for free choice of
initial conditions. Hydrodynamics is an initial value problem. If for some
values of k we have time evolution in negative direction then we the initial
values cannot be given freely and it is not possible to solve the Navier-Stokes
eqiuation numerically.

3.5 Maxwell-Cattaneo Approach

There are different theories given to impose causality on the viscous fluid
dynamics equations. One of the the approach as given by “Maxwell-Cattaneo
law” is to introduce a term of time derivative of Πxy with a factor of τ . The
expression for Πxy becomes

τ∂tΠ
xy + Πxy = −η0∂xδu

y (3.44)

or
Πxy = −η0∂xδu

y − τ∂tΠxy

Again to check whether the theory is causal or not we find the group velocity
using dispersion relation.

Again we have to solve

(ε0 + p0)∂tδu
y + ∂xΠ

xy = 0 (3.45)

Using eqn. 3.44 we have
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(ε0 + p0)∂tδu
y + ∂x (−η0∂xδu

y − τ∂tΠxy) = 0

Again using the same expression of Πxy in above equation we obtain

(ε0 + p0)∂tδu
y + ∂x (−η0∂xδu

y − τ∂t (−η0∂xδu
y − τ∂tΠxy)) = 0

Now we use the expression Πxy = −η0∂xδu
y in above equation and using the

same ansatz solution as before we get after some trivial manipulation,

ω =
η0k

2

ε0 + p0

(
1− (ωτ)4

1− ωτ

)
Requiring that ωτ << 1 we get

ω =
η0

ε0 + p0

k2

1− ωτ
Note that for τ = 0, we revive the dispersion relation for relativistic Navier-
Stokes equation. With the introduction of τ we get a factor of 1/(1− ωτ).

Note that it is a quadratic equation in ω,

ω2 − 1

τ
ω +

η0

τ(ε0 + p0)
k2 = 0 (3.46)

Solving this we get

ω =
1

2

(
1

τ
±

√
1

τ 2
− 4η0k2

(ε0 + p0)τ

)
(3.47)

Differentiating the absolute value of ω with respect to k, and taking limit
k →∞,

lim
k→∞

d|ω|
dk

=

√
η0

(ε0 + p0)τ

Since vg increases with k but tends to a limitting value we obtain the maxi-
mum velocity

vmaxg =

√
η0

(ε0 + p0)τ

For suitable values of parameters in the expression of vmaxg the velocity can
be limitted to be less than the speed of light. In fact, it is the case for
some of the known fluids. Hence we conclude that Maxwell-Cattaneo law is
an extension of relativistic Navier-Stokes equation that preserves causality.
Even though it successfully ensures causality, we should note that it is not
derived from any first principles. Rather it is just put by hand. Nevertheless,
it’s importance lies in the fact that it restores casuality of the viscous fluid
dynamics equations.
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3.6 Muller-Israel-Stewart Theory

In the covariant formulation of second law of thermodynamics ∂µs
µ, we had

used the form of entropy current in equillibrium, sµ = suµ. But in a dissipa-
tive medium the fluid may not be in equillibrium. Hence we require entropy
current

sµ ≤ suµ

So we need to subtract some positive definite terms from the equillibrium
term suµ. Note that uµ is the fluid variable here. For a higher order theory
we need to add terms containing higher order derivatives of uµ, such as ∂νuµ.
Also we require that the equillibrium surface to be convex for thermodynamic
stability. There should not be a terms which will lead to point of inflexion in
the entropy surface. So possible terms are even powers of odd derivative of uµ

and powers of even derivatives of uµ. If we consider only the first derivative of
uµ, we need to have terms like (∂νuµ)2 to the lowest order. A suitable choice
is to have terms with Π2 and πµνπµν , as Π and πµν are first derivatives of uµ

upto some factors. Satisfying these conditions and dimensions, the entropy
current has to be of the form

sµ = suµ − β0

2T
uµΠ2 − β2

2T
uµπαβπ

αβ +O(Π3) (3.48)

where β0 and β2 are coefficients that quantify the effect of the second order
modifications of entropy current,

Again using eqn. 3.28 in the expression for increasing entropy we get

∂µs
µ =

παβ

2T

(
∇<αuβ> − ΠαβTD

(
β2

T

)
− 2β2Dπαβ − β2παβ∂µu

µ

)
+

Π

T

(
∇αu

α − 1

2
ΠTD

(
β0

T

)
− β0DΠ− 1

2
β0Π∂µu

µ

)
≥ 0

(3.49)

We want the terms which are getting subtracted to be positive definite. This
can be ensured if

παβ = η

(
∇<αuβ> − ΠαβTD

(
β2

T

)
− 2β2Dπαβ − β2παβ∂µu

µ

)
Π = ξ

(
∇αu

α − 1

2
ΠTD

(
β0

T

)
− β0DΠ− 1

2
β0Π∂µu

µ

) (3.50)

with η and ξ as the shear and bulk viscosity coefficients. In the limit of
β0, β2 → 0 we obtain the corresponding equations in relativistic Navier Stokes
equation.
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Note that terms like Dπαβ contains time derivatives of παβ and hence we
obtain terms similar to that in “ Maxwell-Cattaneo law”. So we identify the
coefficients as proportional to a relaxation time

β0 =
τΠ

ξ

β2 =
τπ
2η

(3.51)

The set of equations 3.28 with the form of Παβ given by above two equations
are known as “ Muller-Israel-Stewart” equations.

Similar to previous sections, we study the casuality properties of the “
Muller-Israel-Stewart ” theory by considering a small perturbation around
equillibrium. We use the same x dependent perturbation as we did in pre-
vious section. Keeping only the terms upto first order, eqn. 3.28 and eqn.
3.50 become the following set of simultaneous ddifferential equations

∂tδε+ (ε0 + p0)∂xδu
x = 0

(ε0 + p0)∂tδu
x + ∂xp+ ∂µδΠ

µx = 0

(ε0 + p0)∂tδu
y + ∂µδΠ

µy = 0

δΠµν = δπµν + gµνδΠ

δπxx + τπ∂tδπ
xx = −4

3
η0∂xδu

x

δπxy + τπ∂tδπ
xy = −η0∂xδu

y

δΠ + τΠ∂tδΠ = ξ0∂xδu
y

(3.52)

To solve the abouve set of equations we use ansatz

δε = eiωt−ikxδεω,k

δui = eiωt−ikxδuiω,k

δπµν = eiωt−ikxδπµνω,k

δΠ = eiωt−ikxδΠω,k

Using eqn. 3.6 in eqn. 3.52 we obtain folleing set of equations.

iωδεω,k − ik(ε0 + p0)δuxω,k = 0 (3.53)

iω(ε0 + p0)δuxω,k − ik
dp

dε
δεω,k − ik

(
4

3

ikη0

1 + iωτπ + ikξ0
1+iωτΠ

)
δuxω,k = 0 (3.54)
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iω(ε0 + p0)δyω,k − ik
(

ikη0

1 + iωτπ

)
δuyω,k = 0 (3.55)

Note that eqn. 3.55 corresponds to Maxwell-Cattaneo result for the per-
turbation δuy. So δuy has an upper bound as given by “Maxwell-Cattaneo
law”.

Equations 3.53 and 3.54 relates the change in energy density and longitu-
dinal (along x in our case) perturbation of fluid velocity δux. The longitudinal
perturbation is commonly referred to as sound. The sound dispersion rela-
tion is obtained by using the expression of εω, k from eqn. 3.53 in eqn. 3.54,
which turns out to be

iω − ik
2

ω

dp

dε
+ k2

(
4

3

η0

ε0 + p0

1

1 + iωτπ
+

ξ0

ε0 + p0

1

1 + iωτΠ

)
= 0 (3.56)

This equation can be solved for ω. The solution in the limit ω, k → 0 is given
by

ω =± kcs + ik2

(
2

3

η0

ε0 + p0

+
1

2

ξ0

ε0 + p0

)
∓ k3

2cs

[(
2

3

η0

ε0 + p0

+
1

2

ξ0

ε0 + p0

)2

− 2c2
s

(
2

3

η0

ε0 + p0

τπ +
1

2

ξ0

ε0 + p0

τΠ

)]
+O(k4)

(3.57)

where

cs =

√
dp

dε
(3.58)

In order to understand the significance of cs we take the limit ω, k → 0 in
eqn. 3.56 and get

iω − ik
2

ω

dp

dε
≈ 0 (3.59)

or
ω

k
=

√
dp

dε
(3.60)

Hence cs = ω/k, the phase velocity of perturbation in the longitudinal(x)
direction. Hence it is justified to be the sound waves in the fluid.

For large wavenumbers and frequencies ω, k → ∞, we use eqn. 3.56 can
be simplified to

ω2 = k2

(
c2
s +

4

3

η0

τπ(ε0 + p0)
+

ξ0

τΠ(ε0 + p0)

)
(3.61)
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From this we obtain a maximum limit of velocity

lim
k→∞

dω

dk
=

√
c2
s +

4

3

η0

τπ(ε0 + p0)
+

ξ0

τΠ(ε0 + p0)
(3.62)

Hence there is an upper limit to the velocity in the longitudinal mode. Let
us denote this velocity by vmaxL and that obtained by for transverse mode
is vmaxT . Hence we have an upper limit to the velocity vmax. So, “ Muller-
Israel-Stewart” theory, which is derived from second law of thermody is a
relativistic theory of viscous hydrodynamics that obeys causality provided
that the time τπ and τΠ are large enough to make the value of vmaxL less than
the speed of light. The requirement that vmaxL to have an upper limit is more
restrictive as it needs to restrict the domain of values taken by cs, η, ξ, τπ, τΠ.

Even though it solves the problem of causality problem of relativistic
Navier-Stokes equations, it is not yet a completely developed formalism. One
may question the validity of assumption that the entropy current should be
algebraic in hydrodynamic degrees of freedom. Also, this formalism does not
provide a way to determine the value of τπ and τΠ. Further work in this field
has to be done in order to answer these questions.
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Chapter 4

Conclusion

The fluid dynamics equations in non-relativistic case are “continuity equa-
tion” and “ Euler equation” which are manifestations of conservation of mass
and Newton’s second law respectively. In the relativistiv generalisation the
equations are a consequence of conservation of energy momentum tesor for
the fluids. In the non-relativistic limit we obtain the continuity equation
and Euler equation from relativistic fluid equations. To take viscous effects
into account an extra term Πµν is added to the energy momentum tensor for
ideal fluid. Different theories prescribe different forms of Πµν . The relativistic
Navier-Stokes equation derives Πµν from the second law of thermodynamics
∂µu

µ using the equillibrium expression for entropy current sµ = suµ. To test
for causality, a small perturbation is introduced in energy density and fluid
velocity around equillibrium state of the fluid, which has dependence only
on one coordinate. The solution for evolution of the perturbation gives a
dispersion relation from which velocity can ve calculated. It turns out that
the velocity obtained by above prescription, in the case of relativistic Navier-
Stokes equation, can take values greater than the speed of light. This is the
acausality problem which makes this equation unphysical. So attempts were
made to impose causality into the theory of viscous hydrodynamics. This is
done by prescribing a form of Πµν which will lead to restoration of causal-
ity. In the Maxwell-Cattaneo approach an extra time derivative of Πµν was
added to the expression of the same obtained by taking equillibrium entropy
current expression. It turns out that the velocity obtained using this form
of Πµν is bounded above. Hence, it constitutes a causal theory. But the
extra term was just put “by hand” rather than any physical insight. The
“Muller-Israel-Stewart theory” derives the form of Πµν by using the entropy
current expression which is not in equillibrium, unlike the relativistic Navier-
Stokes equation. The perturbative solutions now gave rise to two dispersion
relations. The dispersion relation corresponding to that component of fluid
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velocity which is perpendicular to the axis on which perturbation depends, is
of the form of Maxwell-Cattaneo type. This clearly has an upper limit of the
corresponding velocity. The dispersion relation for the fluid velocity parallel
to the axis on which perturbation depends, also gives an upper limit to the
velocity. Sice an upper limit of the velocity is obtained, this theory respects
causality.

Even though “Muller-Israel-Stewart theory” solves the causality problem
of relativistic Navier-Stokes equations, it is not yet a completely developed
formalism. One may question the validity of assumption that the entropy
current should be algebraic in hydrodynamic degrees of freedom. Also, this
formalism does not provide a way to determine the value of τπ and τΠ. Further
work in this field has to be done in order to answer these questions. Also one
may object the method to test for causality of a theory. The method we used
was a sufficient condition to check for acausality. But to test for causality
one must consider large perturbations also. The claim we made for causality
is for small perturbations. Techniques of calculation need to be developed to
test casuality of a theory for large perturbations.
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